General Relativity

Final Exam
30/10/2014

Please write your first and last name and your student number on the first page.

Problem 1

Consider the 2-dimensional spacetime!
dr?
ds?® = r?dt? — —
r
defined for r > 0.
1. Write the components of the metric and compute the Christoffel symbols.

2. Consider the Riemann tensor with all components lower. How many independent components does
it have in 2 dimensions? Compute the independent components of the Riemann tensor (with lower
indices) for this metric.

3. Derive the equations of motion for massive particles moving in this spacetime.
4. Show that massive particles moving along geodesics can never reach the region r — oo.

5. Consider a massive particle of mass m staying at constant value of r = ry. Compute the magnitude of
relativistic acceleration that the particle undergoes and the force needed to keep it in this orbit.

Problem 2

Consider a massive test particle moving in the Schwarzschild metric

1
ds? — (1 _ 2G_M> dt? — <1 - QG—M) dr? — r?(d6° + sin® 0dg?)
T T

1. Derive the equations describing inertial motion of the particle

2. Find the radius of the smallest possible circular orbit. Argue that this orbit is unstable under small
perturbations.

3. Find the radius of the smallest possible stable circular orbit.

Problem 3

Consider a Robertson-Walker metric with flat spatial section (k = 0):

ds* = dt* — a*(t) (dz* + dy* + dz?)

1This is called 2-dimensional anti-de Sitter spacetime.



1. Suppose that the universe is filled with perfect fluid whose equation of state is P = wp, where w is
some constant. Using the FRW equations
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a? _ 81G

a? 3

Show that the scale factor a obeys the condition

pa3(l+w) —-C

where C' is some constant.

2. Using this show that (if w > —1) the scale factor will evolve with time like
a(t) = D(t — to)50r®

where t( is an integration constant and D is another constant. At ¢t = ¢y the scale factor goes to zero,
so it is natural to identify ¢ = ¢ty with the Big Bang singularity.

3. Notice that the case w = —1 is special and the previous formula does not apply. Verify that the FRW
equations with a fluid which has equation of state with w = —1 are identical to the equations that we
would get without any fluid, but with non-vanishing cosmological constant A

1
RMV - §guuR - Aguu =0

Find the relation between the density p of the fluid with w = —1 and the effective cosmological constat
parameter A.

4. In the case where we have fluid with w = —1 find the time-dependence of the scale factor a(t).



Solution problem 1:

1. We have
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3. Consider parametrizing the curve as ¢(7), (7). Minimizing the length in affine parametrization we

find
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and the affine parametrization condition
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We notice that the effective potential goes like 72 and is hence unbounded towards r — oo.

5. The orbit of the particle is «* = (t(7), 7). We compute the 4-velocity as

1
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The 4-acceleration is
a’ =u'Vyu' = u“TZuuk = L Iy,
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We compute the magnitude

ata’ = =1
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Replacing the first two we find
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Differentiating and eliminating 7 we find
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For # = 0 we find the condition
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Solution problem 3:

1. We have the two FRW equations: )
3% = —47G(p + 3P)
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Let us consider the time derivative of the combination pa®1+*), We have

%(p(ﬁ(l-i—w)) _ p-a3(1+w) + 3(1 + w)pga3(1+w)
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In order to compute p we differentiate (2) to find
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We replace the first term in the parenthesis from (1) and the second from (2) to find

a
p= —053(1 +w)

Replacing this in (3) we get the desired relation
pa®1t%) = ' = constant



2. Let us assume that w # —1. Plugging the previous result in (2) we find
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or (assuming that we are in an expansion phase, so that a > 0)
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We can rewrite the integration constant in the following form

t 4+ constant

a(t)=D(t — )@ | D= [4rGO(1 + w)| T

3. The FRW equations in the presence of the fluid with w = —1 and absence of cosmological constant
were derived from

1
R, — ng,R =8rGT,,

where T},,, was the perfect fluid stress tensor T}, = (p + P)u,u, — Pgp,. For w = —1 we find P = —p
and hence

Ty = PG

Hence the FRW equations were derived from
1
R, — gguvR = 871G pguv (4)

with p being a constant.

On the other hand, in the absence of any fluid, but in the presence of the cosmological constant, we
have the equations R, — % guwR — Ag,, = 0. Moving the last term to the RHS we get the equations
in the form

R, — %gwR = Aguw
These are identical to equations (4) if we idenify
A =87Gp
4. If w = —1 we find from the first item that
p = constant

Hence from (2) we find that (assuming a > 0)
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where ag is some constant.



